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A very short proof is given for a theorem that has applications to sieve 
methods. The general applications appear in an earlier paper by the author 
and N. C. Ankeny, where the theorem was utilized but not proved. 
In evaluating sums which occur in Selberg’s sieve, the following theorem 
is of interest [l, Lemma 3.11. 
THEOREM. Let y(s) = C,“=, arm-s, a, > 0, and suppose that (1) y(s) 
converges for u > 0, s = u + it, 
(2) g(s) = s-a + O(M I s I’-fi) fir s < 1, 
(3) y(s)=O(MIsIK)fort>1ando30,wherea>0,M>1 
and K > 0 are constants. Then 
C a, = r(a + 11-l (log XP + O&f&(X)), 
n<X 
where D&X) = 1, log log Xor (log A’)~-~, accordingly, as a! < 1, a! = I, or 
a > 1. 
The presence of the seemingly irrelevant constant M is due to the nature 
of the application. 
The proof of this theorem has not appeared in print and is apparently 
not obvious. Since there seems to be use for it, we offer a proof in this 
paper. 
ProoJ: For X > 1, q > 0 and integer k > K + 1, we have [2, p. 541 
The integral is absolutely convergent by (3). 
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Let X >, e2 and 7 = (log X)-l, so that q < 4. Divide the integral in (4) 
into three parts: from 9 - ioo to q - i/2, from q - i/2 to 9 + i/2, and 
from 7 + i/2 to 7 + ico. The first and the third integrals contribute O(M) 
by (3). 
Now for any integer r 2 1, 
l/s + r = l/r + 00 s I) for 1 s / < 5. 
From these and (2), we obtain 
Then since I 7 + i/2 I < 3, 
1 
s 
n+i/z y(s) X” ds 
Gi n.4,2 s(s + 1) ..* (s + k) 
I 1 
-1 
n+i/2 X” 
= F! 27ri n--i,2 - ds + 0 (44 c-z; !f$). sw+l 
Recall that q = (log X)-l. But 
Thus, altogether we have 
We now recall the Laplace’s identity [3, p. 2311, 
1 
s 
n+im X” 
zi n-im 
__ ds = (log x> 
s”+l r(a + 1)’ 
Breaking this up into three parts again as before and noting 01 + 1 > 1, 
we obtain from (5) 
z* afl (1 - -g = qol + l)-’ (log xp + O(MD,(X)). 
Finally, for each integer r 3 0, let 
(6) 
A(X) = c nix a, (1 - $7)‘. 
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Then, for r > 0, 
A,(X) = X-l jX A,-,(t)dt, (7) 
1 
j x A,-,(t) dt < XA,&-) < j’” A,-,(t) dt. (8) 
1 X 
Note A,-,(t) is nondecreasing. 
From (6)-(g) and by induction on r we obtain the conclusion of the 
theorem. Q.E.D. 
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